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A MULTIPLICATIVE ERGODIC THEORETIC
CHARACTERIZATION OF RELATIVE EQUILIBRIUM
STATES
JOHN ANTONIOLI, SOONJO HONG AND ANTHONY QUAS
Abstract. In this article, we continue the structural study of
factor maps betweeen symbolic dynamical systems and the relative
thermodynamic formalism. Here, one is studying a factor map
from a shift of finite type X (equipped with a potential function)
to a sofic shift Z, equipped with a shift-invariant measure ν. We
study relative equilibrium states, that is shift-invariant measures
on X that push forward under the factor map to ν which maximize
the relative pressure: the relative entropy plus the integral of φ.
In the non-relative case (where Z is the one point shift and
the factor map is trivial), these measures have a very broad range
of application: in hyperbolic dynamics, information theory, ge-
ometry, Teichmu¨ller theory and elsewhere). Relative equilibrium
states have also been shown to arise naturally in some contexts in
geometric measure theory as a description of measures achieving
the Hausdorff dimension in ambient spaces. Previous articles have
identified relative versions of well-known notions of degree appear-
ing in one-dimensional symbolic settings, and established bounds
in terms of these on the number of ergodic relative equilibrium
states.
In this paper, we establish a new connection to multiplicative
ergodic theory by relating these factor triples to a cocycle of Ruelle
Perron-Frobenius operators, and showing that the principal Lya-
punov exponent of this cocycle is the relative pressure; and the
dimension of the leading Oseledets space is equal to the number of
measures of relative maximal entropy, counted with a previously-
identified concept of multiplicity.
Let X ⊂ AZ be an irreducible shift of finite type and let ρ : A→ B
be a surjection of finite sets. Let π : X → BZ be the one-block map
defined by π(x)n = ρ(xn) and let Z = π(X) be the image of X under
the factor map π, so that Z is a sofic shift. Write X+ for the one-
sided version of X . Given an invariant measure ν on Z, and a Ho¨lder
continuous function φ on X+ (which we also view as a function on X),
recall that a relative equilibrium state of φ over ν is a measure µ on X
such that π∗(µ) = ν and hµ +
∫
φ dµ = max{λ : π∗(λ)=ν}
(
hλ +
∫
φ dλ
)
.
We are seeking a description of the relative equilibrium states of φ
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over ν in terms of the Lyapunov exponents and Oseledets spaces of a
cocycle of Perron-Frobenius operators that we describe below. Briefly,
the dimension of the top Oseledets space will be the number of relative
equilibrium states (counted with multiplicity). For 0 < β < 1, we
introduce a metric d on X+ given by d(x, x′) = βmin{n : xn 6=x
′
n} and
write Cβ(X+) for the Lipschitz functions with respect to this metric.
We choose β so that φ ∈ Cβ(X+).
For j ∈ B, define an operator Lj on C
β(X+) by
Ljf(x) =
∑
{i : ix∈X+;π(i)=j}
eφ(ix)f(ix),
where ix denotes the point in AN0 defined by (ix)0 = i, (ix)n = xn−1
for n ≥ 1. We shall study the cocycle over the dynamical system
σ : Z → Z where the map corresponding to z is Lz : = Lz0. As usual,
we define L
(n)
z = Lσn−1z ◦ . . . ◦ Lz.
An inductive calculation shows that
L(n)z f(x) =
∑
{w : π(w)=zn−1
0
,wx∈X+}
eSnφ(wx)f(wx),
where the sum is over words of length n, π is defined on words by
applying ρ to each symbol and wx is defined by concatenation. As
usual, Snφ(wx) denotes the sum φ(wx) + . . .+ φ(σ
n−1(wx)).
Our main theorem relates, for an ergodic invariant measure ν on Z
and a Ho¨lder continuous potential, the number of ergodic relative equi-
librium states on X to the multiplicity of the top Lyapunov exponent
of the above cocycle. Some of the terms appearing in the statement
will be defined in the next section.
Theorem 1. Let π : X → Z be a factor map from an irreducible two-
sided shift of finite type to a two-sided sofic shift and let φ ∈ Cβ(X+).
Let π = π2 ◦ π1 be the factorization into a map π1 : X → Y of class
degree one and a finite–one map π2 of degree cπ from Y to Z, where cπ
is the class degree of π : X → Z.
Let ν be a fully supported ergodic invariant measure on Z and let
ν1,. . . ,νk be the lifts of ν under π2 with multiplicities m1, . . . , mk re-
spectively. These multiplicities satisfy m1 + . . .+mk = cπ. Let rπ1(νi)
be the relative pressure of f over νi and rπ(ν) be the relative pressure
of f over ν.
Let (L
(n)
z ) be the cocycle of linear operators acting on Cβ(X+) de-
scribed above. Then the largest Lyapunov exponent of the cocycle is
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rπ(ν) and the multiplicity of this exponent is∑
rpi1(νi)=rpi(ν)
mi.
1. Background
In this section, we collect a number of theorems and definitions that
we will need for the proof, as well as related setting out a number of
related articles in the literature.
Petersen, Quas and Shin [8] studied the case of measures of relative
maximal entropy, that is the relative equilibrium states in the case
where one has a factor map π : X → Z and the potential function φ is
taken to be 0. They established that the number of ergodic measures of
relative maximal entropy (that is relative equilibrium states where the
potential is taken to be 0) over any ergodic invariant measure ν on Z is
bounded above by minj∈A(Z) |π
−1
b (j)|, showing that, in particular, the
number of these measures is finite. The bound suffered from a failure to
be invariant under conjugacies. This deficiency was remedied and the
bound improved in the paper [3] of Allahbakshi and Quas, some ideas
from which will play an important role here. For z ∈ Z, if x, x′ ∈ π−1z,
we say that x transitions to x′, and write x → x′, if for all n, there
exists x¯ such that x¯n−∞ = x
n
−∞ and x¯m = x
′
m for all sufficiently large
m. We then define an equivalence relation on π−1z by x↔ x′ if x→ x′
and x′ → x. The equivalence classes are called transition classes (a
pigeonhole argument and using the finite type property shows there
are finitely many transition classes). Let T (z) denote the collection of
transition classes over z. There exists a quantity cπ, the class degree
of π such that for all right transitive points z ∈ Z, T (z) consists of cπ
elements.
Theorem 2 (Allahbakhshi and Quas [3]). Let X be a shift of finite
type and Z be a sofic shift. Let π : X → Z be a one-block factor map.
There exists a word W = wn−10 in L(Z), a position 0 ≤ l < n, and a
subset B ⊂ A(X) whose cardinality is the class degree so that for each
element un−10 of π
−1(W ), there is a word vn−10 ∈ π
−1(W ) such that
u0 = v0, un−1 = vn−1 and vl ∈ B.
The number of measures of relative maximal entropy over ν is bounded
above by cπ.
The bound on the number of measures of maximal entropy was ex-
tended by Allahbakhshi, Antonioli and Yoo [1] to the number of relative
equilibrium states of a Ho¨lder continuous (or Bowen) potential func-
tion.
4 JOHN ANTONIOLI, SOONJO HONG AND ANTHONY QUAS
In the situation described in the above theorem, W is called a min-
imal transition block ; B is a set of representatives and the word u is
said to be routed through vl. (The minimality in the name refers to
the fact that the set of representatives is as small as possible). A pair
of elements x, x′ of X is said to be mutually separated if xn 6= x
′
n for
each n. Two subsets S1 and S2 of X are mutually separated if for each
x ∈ S1 and x
′ ∈ S2, x and x
′ are mutually separated.
Theorem 3 (Allahbakhshi, Hong and Jung [2]). Let π : X → Z be
a factor map from an irreducible two-sided shift of finite type X to a
two-sided sofic shift Z. If z ∈ Z is right transitive, then the elements
of T (z) are mutually separated. In particular, for each copy of W in z,
there exists a bijection between T (z) and B so that for each C ∈ T (z),
there exists a representative s ∈ B such that each x ∈ C may be routed
through s over that copy of W and through no other element of B.
Theorem 4 (Yoo [10]). Let X be an irreducible two-sided shift of finite
type, Z a two-sided sofic shift, and π : X → Z be a continuous factor
map. Then there is a sofic shift Y and factorization of π : X → Z as a
composition of factor maps, π2 ◦ π1 where π1 : X → Y and π2 : Y → Z
with the properties that π2 is finite-to-one of degree cπ, the class degree
of π and π1 is of class degree 1.
Theorem 5 (Yoo [11]). Let π be a finite-to-one continuous factor map
from a homeomorphism S of a compact metric space Y to a homeo-
morphism T of a compact metric space Z. Suppose that ν is an ergodic
T -invariant measure. Then there exist:
• a number d such that for ν-a.e. z ∈ Z, |π−1z| = d;
• ergodic measures µ1, . . . , µk on Y such that π∗µi = ν;
• multiplicities m1, . . . , mk whose sum is d.
In the case where Y is a shift space, there exists a ergodic degree join-
ing, µ¯, a measure on Y d such that for µ¯-a.e. (y1, . . . , yd), π(y1) = . . . =
π(yd); the yi are mutually separated; and yMi+1, . . . , yMi+mi are generic
for µi, where Mi = m1 + . . .+mi−1.
The following theorem gives a criterion for simplicity of the top Lya-
punov exponent of an operator cocycle based on contraction of cones
and Birkhoff’s theorem on contraction of the Hilbert metric. Recall
that a cone is a closed subset C of a real Banach space B that is closed
under addition and scalar multiplication by a non-negative real num-
ber.
For f, g ∈ C, let m(f, g) = sup{t : f − tg ∈ C} and let M(f, g) =
inf{s : sg − f ∈ C}. The projective distance between two points in the
cone is defined as ΘC(f, g) = log(M(f, g)/m(f, g)). (Note that this is
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not a metric as it may be infinite; also ΘC(βf, γg) = ΘC(f, g) for all
β, γ > 0). The diameter of a subset S of C is supf,g∈S\{0}ΘC(f, g).
A cone is said to be D-adapted if whenever f ∈ B and g ∈ C, then
g ± f ∈ C implies ‖f‖ ≤ D‖g‖.
Theorem 6 (Horan [5]). Let Y be a compact Hausdorff topological
space and S : Y → Y be a continuous invertible transformation. Let ν
be an ergodic S-invariant measure on Y . Let B be a Banach space and
let C be a D-adapted cone in B such that C − C = B, C ∩ (−C) = {0}.
Suppose that for each y ∈ Y , Ly is a linear operator from B to B
such that y 7→ Ly is continuous (where the linear operators on B are
equipped with the norm topology), that Ly(C) ⊂ C for each y and that
there is a measurable subset A ⊂ Y with ν(A) > 0 and an n > 0 such
that diam(L
(n)
y C) <∞ for all y ∈ A.
Then the leading Lyapunov exponent of the cocycle (L
(n)
y )y∈Y is sim-
ple.
We will use the relative variational principle of Ledrappier and Wal-
ters [6].
Theorem 7 (Relative Variational Principle). Let S : Y → Y be a topo-
logical factor of a map T : X → X and suppose that S has an ergodic
invariant measure, ν. Then for ν-a.e. y, PT (φ, π
−1y) = rπ(ν).
2. Proofs
For this section, let φ be a fixed Ho¨lder continuous function. Given
β < 1, we define a semi-norm on Cβ(X+) by |f |β = supx 6=x′ |f(x) −
f(x′)|/dβ(x, x
′) (that is the Lipschitz constant of f with respect to dβ)
and a norm by ‖f‖β = max(‖f‖∞, |f |β). Let β be such that ‖φ‖β <∞.
This quantity will be fixed from here on.
We define a family of cones, one for each real a > 0, by
Ca =
{
f ∈ Cβ(X+) : f ≥ 0;
f(x)
f(x′)
≤ eadβ(x,x
′) whenever x0 = x
′
0.
}
.
These cones are widely used in symbolic dynamics and appear, for
instance, in the work of Parry and Pollicott [7], although our usage
differs slightly as we do not impose any condition on f(x)/f(x′) when
x0 6= x
′
0. This is important for us, since some operators that we consider
yield functions that are 0 on part of X+.
Lemma 8. Let a be large enough that b := β(a + |φ|β) < a. Then
LjCa ⊂ Cb for each j ∈ A(Y ).
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Proof. For each symbol i ∈ A(X), set L˜if(x) = e
φ(ix)f(ix). Suppose x
and x′ agree for n symbols for some n ≥ 1. Then
L˜if(x)
L˜if(x′)
=
eφ(ix)f(ix)
eφ(ix′)f(ix′)
≤ e|φ|ββ
n+1
eaβ
n+1
≤ eβ(|φ|β+a)dβ(x,x
′) = ebdβ(x,x
′).
Since for j ∈ A(Y ), Lj =
∑
i∈ρ−1j L˜i, the result follows. 
Lemma 9. For f ∈ Ca, ‖f‖β ≤ max(3, 1 + ae
a)‖f‖∞. It follows that
Ca is D-adapted with D = max(6, 2 + 2ae
a).
Proof. Let f ∈ Ca. If x, x
′ ∈ X+ have different initial symbols, then
|f(x) − f(x′)| ≤ 2‖f‖∞ ≤ max(2, ae
a)‖f‖∞dβ(x, x
′). If they have
the same initial symbol, then |f(x) − f(x′)| ≤ |f(x)|(eadβ(x,x
′) − 1) ≤
‖f‖∞ae
adβ(x, x
′) ≤ max(2, aea)‖f‖∞dβ(x, x
′), where we used the mean
value theorem for the second inequality. Hence |f |β ≤ max(2, ae
a)‖f‖∞
so that ‖f‖β ≤ max(3, 1 + ae
a)‖f‖∞.
For the second statement in the lemma, g ± f ∈ Ca implies ‖f‖∞ ≤
‖g‖∞, so that ‖g±f‖∞ ≤ 2‖g‖∞ and ‖g±f‖β ≤ max(6, 2+2ae
a)‖g‖∞ ≤
max(6, 2+ 2aea)‖g‖β. Subtracting g− f from g+ f , we obtain the de-
sired bound. 
For these cones, we have the following lemma (which can be seen
as a special case of a result of Andoˆ [4]). Expressing arbitrary Ho¨lder
continuous functions as a difference of elements of the cone will allow
us to prove simplicity of the top Lyapunov exponent.
Lemma 10. For all f ∈ Cβ(X+), there exist g, h ∈ Ca with ‖g‖β, ‖h‖β ≤
(2 + 1
a
)‖f‖β such that f = g − h.
Proof. Let f ∈ Cβ(X+), let g = f + (1+ 1
a
)‖f‖β and h = (1+
1
a
)‖f‖β.
Clearly h ∈ Ca. Notice that min g ≥
1
a
‖f‖β, so that
g(x)
g(x′)
= 1 +
g(x)− g(x′)
g(x′)
≤ 1 + ‖f‖βd(x, x
′)/(‖f‖β/a)
= 1 + ad(x, x′) ≤ ead(x,x
′).
In particular, g ∈ Ca and ‖g‖β, ‖h‖β are bounded above by (2+
1
a
)‖f‖β.

Lemma 11. Let b < a and A ≥ 1. Let P be a subset of the alphabet
of X. Write [P ] =
⋃
j∈P [j] and
SP = {f : f(x) > 0 iff x ∈ [P ]; f(x) ≤ Af(x
′) for all x, x′ ∈ [P ]} .
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Then there exists K > 0 such that ΘCa(f, g) ≤ K for all f, g ∈ SP ∩Cb.
The conclusion here states that the diameter of the set is finite. This
is a key hypothesis in Birkhoff’s cone contraction argument.
Proof. Let t be chosen sufficiently small to ensure that 2btA
1−tA
≤ a − b.
Let f, g ∈ SP ∩ Cb. Using the scale-homogeneity of ΘCa , we may scale
f and g so that min[P ] f = min[P ] g = 1, and hence max f,max g ≤ A.
We claim that f − tg ∈ Ca. Let x, x
′ ∈ X+ have a common first
symbol belonging to P (if x, x′ have a common first symbol outside P ,
then (f − tg)(x) is trivially bounded above by ead(x,x
′)(f − tg)(x′) since
both of these quantities are zero). We have
f(x′)− tg(x′)
f(x)− tg(x)
≤
ebd(x,x
′)f(x)− te−bd(x,x
′)g(x)
f(x)− tg(x)
= ebd(x,x
′) +
t(ebd(x,x
′) − e−bd(x,x
′))g(x)
f(x)− tg(x)
≤ ebd(x,x
′)
(
1 +
At
1− At
(1− e−2bd(x,x
′))
)
≤ ebd(x,x
′)
(
1 +
2Atb
1− At
d(x, x′)
)
≤ ebd(x,x
′)e(a−b)d(x,x
′) = ead(x,x
′),
so that f − tg ∈ Ca. By symmetry, g − tf ∈ Ca, or equivalently
(1/t)g− f ∈ Ca. Hence ΘCa(f, g) ≤ log(1/t
2) for all f, g ∈ SP ∩ Cb. 
Lemma 12. Let π : X → Y be a factor map of class degree 1. Let W =
wn−10 be a minimal transition block in Y . Then there exists an A ≥ 1
such that for any y ∈ [W ], and any f ∈ Ca, L
(n)
y f ∈ SP ∪ {0}, where
SP is the set in Lemma 11 and P is {j ∈ A(X) : ∃U ∈ π
−1
b (W ) : Uj ∈
L(X)}.
Proof. Since SP ∪ {0} is closed under addition and L
(n)
y is linear, it
suffices to prove the statement for a function f supported on a single
cylinder set. Suppose that f is supported on [k]. If there is no preimage
ofW whose initial symbol is k, we see that L
(n)
y f = 0 since there are no
positive summands. Suppose on the other hand that U is a preimage of
W under π starting with a k. Let j ∈ P and let V be a preimage of W
under π such that V j ∈ L(X). Since W is a minimal transition block
with a single representative, there exists a preimage U ′ of W starting
with the first symbol of U and ending with the last symbol of V . If
x ∈ [j], We now calculate
L(n)y f(x) ≥ e
Snφ(U ′x)f(U ′x) ≥ enminφ‖f‖∞/e
a.
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On the other hand, it is clear that L
(n)
y f(x) ≤ |A(X)|nenmax φ‖f‖∞ for
any x ∈ X . Hence we have demonstrated the hypothesis of Lemma 11
is satisfied with A = ea+n(max φ−minφ)|A(X)|n. 
We point out that the idea of studying the Ruelle-Perron-Frobenius
cocycle over a factor Y and expressing the operators corresponding to
symbols in A(Y ) as sums of operators indexed by symbols in A(X), as
well as some of the cones that we study here and the description of SP
above, appears in work of Piraino [9].
Theorem 13. Let X be an irreducible shift of finite type, let π : X → Y
be a factor map of class degree 1 and let φ be a Ho¨lder continuous
function on X. Suppose ν is a fully supported invariant measure on
Y . Then the cocycle (L
(n)
y ) has a simple top Lyapunov exponent, whose
value is rπ(ν).
Proof. Let β be such that ‖φ‖β < ∞ and let a satisfy the hypothesis
in Lemma 8. Let W be a minimal transition block for the factor map
π : X → Y . By Lemma 10, Ca − Ca = C
β(X+). By Lemmas 8, 12
and 11, we see that L
(|W |)
y Ca is a finite diameter subset of Ca for any
y ∈ [W ]. Since the hypotheses of Theorem 6 are satisfied (the con-
tinuity of y 7→ Ly is because the map is piecewise constant and the
D-adaptedness condition on Ca is satisfied by the second statement of
Lemma 9), the top Lyapunov exponent of the cocycle (L
(n)
y ) acting on
Cβ(X+) is simple.
Notice that for y ∈ Y , and g ∈ Ca,
L(n)y g(x) =
∑
W∈π−1(yn−1
0
) : Wx0∈L(X)
eSnφ(Wx)g(Wx),
so that ‖L
(n)
y g‖∞ is bounded above by Pn(φ, 1, π
−1y)‖g‖∞. By Lemmas
8 and 9, ‖L
(n)
y g‖β is bounded above by max(3, 1+e
a)Pn(φ, 1, π
−1y)‖g‖∞.
If f ∈ Cβ(X+), using Lemma 10, we may write f as the difference
g − h with g, h ∈ Ca, each of ‖ · ‖β norm at most (2 +
1
a
)‖f‖β. Hence
‖L
(n)
y f‖β ≤ 2(2 +
1
a
)max(3, 1 + ea)Pn(φ, 1, π
−1y)‖f‖β. Since shift
transformations are expansive with expansiveness constant 1, we have
lim supn→∞
1
n
logPn(φ, 1, π
−1y) = PT (φ, π
−1y), which is rπ(ν) by The-
orem 7, so that the top Lyapunov exponent is bounded above by rπ(ν).
For the converse inequality, let (xi)i∈A(X) be a collection of points in
X+, where xi starts with the symbol i. Now∑
i∈A(X)
L(n)y 1(x
i) ≥ e−cPn(φ, 1, π
−1y),
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where c is a constant independent of n where |Snφ(x) − Snφ(x
′)| ≤ c
whenever xn−10 = x
′ n−1
0 (such a c exists since φ is Ho¨lder). Then∥∥L(n)y 1∥∥β ≥ ∥∥L(n)y 1∥∥∞ ≥ e−c|A(X)|Pn(φ, 1, π−1y).
In particular, for ν-a.e. y, the limit superior growth rate of ‖L
(n)
y 1‖β is
at least rπ(ν), as required. 
Proof of Theorem 1. Using Theorem 4, π : X → Z may be factorized
as π2 ◦ π1, where π1 is of class degree 1 from X to a sofic shift Y ; and
π2 is finite to 1, and for ν-a.e. point, π
−1
2 (z) consists of cπ pre-images.
We need a more precise description of the sofic shift Y and the factor
code π1. The space Y is built from a minimal transition block, W in
L(Z). Recall the representatives of the transition block are a subset
B of A(X) of cardinality cπ such that if π(x) ∈ [W ], then x may be
locally modified on the coordinates (0, n − 1) to give a point x′ ∈ X
with x′l ∈ B.
The alphabet of Y is then A(Z) × (B ∪ {⋆}). The factor map π1 is
defined as follows:
π1(x)m =
{
(π(x)m, s) π(x)
m−l+n−1
m−l = W , x
m−l+n−1
m−l routable through s;
(π(x)m, ⋆) π(x)
m−l+n−1
m−l 6= W .
That is, π1(x) records the image in Z, together with the representatives
in B through which the orbit of x may be routed each time that the
orbit passes through a transition block.
We then define an operator cocycle over Y . For each s ∈ B, let
Rs ⊂ A(X) be the collection of symbols in X that a preimage of W
may pass through if it is routable through s. By Theorem 3, these sets
are disjoint. Write [Rs] for
⋃
i∈Rs
[i] and let q be the lth symbol of W .
The generator of the cocycle is then defined by
L¯(j,⋆)f(x) = Ljf(x)
L¯(q,s)f(x) = Lq(1[Rs]f)(x).
That is, each time π(x) passes through a transition block, the opera-
tor projects to the part of the function routable through the specified
representative. Note that (q, ⋆) ∈ A(Y ), and this appears in the image
of points under π1 for points in X whose symbol belongs to ρ
−1(q), but
where the word π(x)
(m−l+n−1)
m−l is not equal to W .
By Theorem 5, there are finitely many ergodic invariant measures on
Y projecting to ν, say µ1, . . . , µk; as well as multiplicities m1, . . . , mk
summing to cπ such that a ν-generic z ∈ Z has mi µi-generic pre-
images under π2 for each i, with the whole collection of cπ pre-images
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mutually separated. Further, there exists an ergodic measure µ¯ on Y cpi
where µ¯-almost every point is supported on the cπ pre-images of some
point z ∈ Z; the first m1 being generic points for the ergodic measure
µ1 on Y ; the next m2 being generic for the measure µ2 etc. We assume
without loss of generality that rπ1(µ1) ≥ rπ1(µ2) ≥ . . ., where rπ1(µi)
is the π1-relative pressure of φ over µi; and that the maximal value of
rπ1(µi) is attained for i = 1, . . . , p (but not for i = p+ 1, . . . , k).
Since π1 : X → Y and each µi satisfies the conditions of Theorem 13,
we see that there is a simple top exponent λi for the cocycle (L¯
(n)
y )y∈Y
for each of the measures µi. The set of y ∈ Y for which the exponent
λi is achieved and for which the second Lyapunov exponent is strictly
smaller is a collection of full µi-measure.
For µ¯-a.e. (y1, . . . , ycpi) ∈ Y cpi , the simple top exponent of the cocycle
(L¯y)
(n) is λi for each y = y
Mi+k with k = 1, . . . , mi (where Mi =
m1 + . . . +mi−1 and M1 = 0). In particular, the top exponent of the
cocycle is almost surely simple with exponent λ1 = rπ1(µ1) over each
of y1, . . . , ym1+...+mp and strictly smaller for the other y’s.
We now relate derive a relationship between the cocycle (L
(n)
z ) over Z
and the cocycle (L¯
(n)
y ) over Y . Recall that for µ¯-a.e. y¯ = (y1, . . . , ycpi),
one has the equality π(y1) = . . . = π(ycpi). Write π¯(y¯) for this common
value. Next, we claim that for µ¯-a.e. y¯,
L
(n)
π¯(y¯)f(x) =
cpi∑
i=1
L¯
(n)
yi
f(x)
for all n such that π¯(y¯)n−10 contains a copy ofW , the minimal transition
block used in the defintion of π1.
To see this, notice that if q = wl is the symbol in W over which the
representatives lie, then the following identities hold
Lq =
∑
i∈S
L¯q,i
Lj = L¯j,⋆ for each j ∈ A(Z) (including q).
So the composition of the Lzi is a composition in which a number of the
terms (those occurring when z contains a copy of W ) are replaced by a
sum of L¯q,i. Since the L¯ are linear, we may distribute the composition
over the sum. Since when z is right transitive, the transition classes
are mutually separated (Theorem 3), almost all of the terms in the
summation vanish; the only ones that survive are those in which the
choices of representative are consistent: the representative over one
instance of W together with the point z determines the representative
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over all of the other instances of W by virtue of the mutual separation
of the classes in π−1(z).
For µ¯-a.e. y¯ = (y1, . . . , ycpi), each of the yi’s is right transitive; and
the map π1 : X → Y is of class degree 1. The pre-images π
−1
1 (y
i) for i =
1, . . . , cπ form the transition classes, T (π¯(y¯)) in X over π¯(y¯) ∈ Z. By
Theorem 13, applied to π2 : X → Y , for ν-a.e. π¯(y¯) and each y
i with 1 ≤
i ≤ m1+. . .+mp, the cocycle (L
(n)
yi ) has an equivariant one-dimensional
space of functions growing at rate rπ1(µ1). By the mutual separation
of the transition classes, these functions are disjointly supported, and
hence the dimension of the Oseledets space with rate rπ1(µ1) is at least
m1 + . . .+mp. Theorem 13 implies that in any two-dimensional space
of functions supported on π−11 (y
i), there is a function whose growth
rate is strictly smaller than rπ1(µ1).
On the other hand, by Theorem 13 for i > Mp, the growth rate
on π−1(yi) is at most rπ1(µp+1), which is strictly smaller. Combining
these facts, it follows that the dimension of the fastest growing space
is precisely m1 + . . .+mp as required. 
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